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Abstract
The manifestly SU(4)xU(1) super-Poincare´ invariant free-field N=2 twistor-string ac-
tion for the ten-dimensional Green-Schwarz superstring is quantized using standard BRST
methods. Unlike the light-cone and semi-light-cone gauge-fixed Green-Schwarz actions, the
twistor-string action does not require interaction-point operators at the zeroes of the light-
cone momentum, ∂zx
+, which complicated all previous calculations. After defining the
vertex operator for the massless physical supermultiplet, as well as two picture-changing
operators and an instanton- number-changing operator, scattering amplitudes for an arbi-
trary number of loops and external massless states are explicitly calculated by evaluating
free-field correlation functions of these operators on N=2 super-Riemann surfaces of the
appropriate topology, and integrating over the global moduli. Although there is no sum
over spin structures, only discrete values of the global U(1) moduli contribute to the am-
plitudes. Because the spacetime supersymmetry generators do not contain ghost fields,
the amplitudes are manifestly spacetime-supersymmetric, there is no multiloop ambiguity,
and the non-renormalization theorem is easily proven. By choosing the picture-changing
operators to be located at the zeroes of ∂zx
+, these amplitudes are shown to agree with
amplitudes obtained using the manifestly unitary light-cone gauge formalism.
I. Introduction
The calculation of scattering amplitudes using the Green-Schwarz formulation of the
ten-dimensional superstring is manifestly spacetime supersymmetric, and therefore con-
tains advantages over analogous calculations using the Neveu-Schwarz-Ramond formula-
tion of the superstring. For example, the calculation of scattering amplitudes for external
fermions in the Green-Schwarz formulation is no more difficult than the calculation for
external bosons, and the divergences that appear before summing over spin structures in
the NSR formulation of the superstring are absent in the Green-Schwarz formulation.1
Despite this motivation, almost all calculations of superstring scattering amplitudes
have been performed using the Neveu-Schwarz-Ramond formulation. The reason is that
after gauge-fixing the N=1 worldsheet super-reparameterization invariances of the NSR
superstring, the covariant NSR action simplifies to a quadratic free-field action, allowing
amplitudes to be calculated by evaluating free-field correlation functions on N=1 super-
Riemann surfaces.2,3,4
In the Green-Schwarz formulation, however, it has not been possible using the usual
superspace variables to gauge-fix the action to a free-field action. In both the light-cone
gauge5,6,7 and semi-light-cone gauge,8,9,10 the Green-Schwarz action requires non-trivial
interaction terms whenever ∂zx
+=0 on the Riemann surface (these zeroes of ∂zx
+ ≡
∂zx
0+∂zx
9 occur at 2g+N−2 points for a g-loop N-string scattering amplitude).† Because
the locations of these interaction points are complicated functions of the momenta of the
external strings and of the modular parameters of the Riemann surface, only tree and
one-loop scattering amplitudes involving four external massless states have been expressed
† In reference 11, it is shown that by adding a counterterm to the free semi-light-cone
gauge-fixed Green-Schwarz action, both conformal and Lorentz invariance can be preserved
in the effective action. However because their calculations are perturbative around non-
zero backgrounds for ∂zx
+, they can not be used to prove Lorentz invariance near ∂zx
+=0.
In fact, since the proposed counterterm vanishes in the light-cone gauge, it is clear that
the semi-light-cone gauge-fixed action requires the same non-trivial interaction term as the
light-cone gauge-fixed action in order to produce the correct scattering amplitudes.
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as Koba-Nielsen-like formulas using these methods.1† An additional problem caused by
the non-trivial interaction terms is that they must be defined in such a way that when two
or more interaction points approach each other, there are no short-distance singularities.
In practice, this requires introducing a contact-term interaction into the light-cone Green-
Schwarz action which further complicates the analysis of scattering amplitudes.13,14,7
The difficulty in gauge-fixing the Green-Schwarz covariant action15 to a free-field
action came from the lack of a geometrical interpretation for the fermionic Siegel
symmetries16 of the Green-Schwarz superstring when expressed in terms of the usual super-
space variables. Unlike the N=1 superconformal invariance of the NSR superstring, there
was little understanding of the global moduli for these local Green-Schwarz symmetries.9
In a recent paper,17 it was shown that by introducing new twistor-like
variables18 into the Lorentz-covariant Green-Schwarz heterotic superstring action,
two of the eight fermionic Siegel-transformations can be interpreted as world-
sheet super-reparameterizations,19,20 and after gauge-fixing the N=2 worldsheet super-
reparameterization invariance and the remaining six Siegel symmetries, the Green-Schwarz
action simplifies to a free-field action on an N=2 super-Riemann surface. This gauge-fixed
action retains only a manifest SU(4)xU(1) subgroup of the original SO(9,1) target-space
super-Poincare´ invariance, however it is manifestly N=2 superconformally invariant on the
worldsheet. ‡
† Restuccia and Taylor were able to analyze properties of the multiloop Green-Schwarz
scattering amplitudes, but only in certain regions of moduli space.7 Also, Mandelstam has
proposed a Koba-Nielsen-like formula for the tree-level scattering of N massless states, but
he did not derive it from a functional integral approach.12
‡ The idea of replacing Siegel-transformations with worldsheet super-reparameterizations
originated in the work of Sorokin, Tkach, Volkov, and Zheltukhin on the superparticle,21
although a connection between N=2 worldsheet supersymmetry and spacetime supersym-
metry had already been found by other authors.22 In fact it was even conjectured that
the sum over spin structures in the NSR formalism of the superstring might be better
understood as the U(1) moduli of an N=2 surface.23
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Although the Lorentz-covariant N=2 twistor-string action is presently only known for
the heterotic Green-Schwarz superstring, it is easy to generalize the gauge-fixed free-field
action to non-heterotic versions of the Green-Schwarz superstring. In this paper, the free-
field action for the Type IIB superstring is quantized using the usual BRST methods,
and after bosonizing some of the matter and ghost fields, vertex operators are constructed
for the physical massless supermultiplet. Scattering amplitudes with an arbitrary num-
ber of loops and external massless states are explicitly calculated by evaluating free-field
correlation functions on an N=2 super-Riemann surface of the appropriate topology and
integrating over the global super-moduli of the surface.
It is easily shown that these scattering amplitudes satisfy the non-renormalization
theorem, that is, all loop amplitudes with less than four external massless states vanish.
By choosing light-cone moduli for the super-Riemann surface, it can also be shown that
these amplitudes agree with amplitudes obtained using the Green-Schwarz light-cone gauge
formalism if one assumes a simple conjecture concerning the contribution of the contact-
term interactions to the light-cone gauge amplitudes. A proof of this conjecture would
therefore prove the unitarity of the twistor-string scattering amplitudes.
As in the NSR formalism,3,4 it is convenient to perform the integration over the
anti-commuting moduli by introducing picture-changing operators. Although the matter
content of these operators resembles the matter content of the light-cone interaction-point
insertions, they differ in the fact that their location on the surface does not affect the scat-
tering amplitudes (the “multiloop ambiguity” will be discussed later in the introduction).
For this reason, amplitude calculations using the twistor-string formalism do not require
any knowledge about the location of the string interaction points, and are therefore much
simpler than calculations using the light-cone gauge or semi-light-cone gauge formalisms.
In addition, it is useful to introduce instanton-number-changing operators in order
to evaluate correlation functions on N=2 surfaces of non-zero U(1) instanton number (for
external states that transform in a given way under the U(1) subgroup of the target-space
SU(4)xU(1) invariance, only N=2 surfaces of a fixed instanton number contribute to the
scattering amplitude). Like the picture-changing operators, the scattering amplitude is
independent of the location of the instanton-number-changing operators.
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Because the physical states of the Green-Schwarz string are manifestly spacetime
supersymmetric, there is no need to sum over spin structures in order to project out
unwanted states (in the twistor-string scattering amplitudes, all spin structures contribute
equally). However the correlation functions do depend on the global U(1) moduli of the
N=2 surface,24,25 and because of the presence of bosonized matter fields with negative
energies (these fields come from bosonizing bosons), these correlation functions contain
unwanted poles for all but special discrete values of the U(1) moduli. Fortunately, the
twistor-string formalism restricts the region of integration for the global U(1) moduli to
coincide with these special values for which no unwanted poles occur.
It is well-known that bosonization of super-reparameterization ghosts also introduces
fields with negative energies, and therefore, correlation functions with unwanted poles.
Although the residues of these poles are total derivatives in moduli space,4 the presence
of divergences in the integrands of the scattering amplitudes would force the introduc-
tion of cutoffs in the moduli space, possibly creating surface term contributions.26 In the
NSR formalism, these cutoffs are necessary since before summing over spin structures, the
scattering amplitudes are not spacetime supersymmetric and contain divergences.27 The
fact that the scattering amplitude depends on the choice of the cutoff through the surface
term contributions is known as the “multiloop ambiguity”. In the twistor-string formalism,
however, there is no multiloop ambiguity since the amplitudes are manifestly spacetime su-
persymmetric. This fact is easily demonstrated since unlike the spacetime supersymmetry
generators in the NSR formalism, the twistor-string spacetime supersymmetry generators
are independent of the bosonized ghost fields, and therefore contain no unwanted poles.
Section II of this paper discusses quantization of the gauge-fixed N=2 twistor-string
action in which the BRST charge is constructed, the U(1)-transforming fields are bosonized,
and the two picture-changing operators, the instanton-number-changing operator, and the
massless physical vertex operators are defined. Section III discusses the calculation of
Green-Schwarz superstring scattering amplitudes by describing tree amplitudes, beltrami
differentials, and multiloop correlation functions for the various matter and ghost fields.
Section IV analyzes the scattering amplitudes, showing that all spin structures contribute
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equally, that the non-renormalization theorem is satisfied, and that the scattering am-
plitudes agree with amplitudes obtained using the Green-Schwarz light-cone gauge for-
malism if one assumes a simple conjecture concerning the contribution of the light-cone
gauge contact-term interactions. Section V proposes applications for the results of this pa-
per and discusses possible approaches to Lorentz-covariantizing the scattering amplitudes.
The Appendix reviews the gauge-fixing procedure for the covariant N=(2,0) twistor-string
action of the Green-Schwarz heterotic superstring.
II.Quantization of the N=2 Twistor-String
A. The Gauge-Fixed Free-Field Action
It was recently shown that by introducing twistor-like variables,16 the Lorentz-
covariant action for the ten-dimensional Green-Schwarz heterotic superstring can be de-
fined on an N=(2,0) super-worldsheet.19,20 These new variables allow two of the fermionic
Siegel-symmetries to be replaced with N=(2,0) super-reparameterizations, and after gauge-
fixing the super-reparameterizations and the remaining six Siegel-symmetries, the Lorentz-
covariant twistor-string action reduces to a free-field action with manifest target-space
SU(4)xU(1) super-Poincare´ invariance and manifest worldsheet N=(2,0) superconformal
invariance (this gauge-fixing procedure is reviewed in the Appendix).17 Unfortunately, at
the present time there are no Lorentz-covariant twistor-string actions for the non-heterotic
Green-Schwarz superstring. Nevertheless, it is straightforward to generalize the gauge-
fixed free-field action of equation (A.10) to the Type IIB Green-Schwarz superstring by
extending the N=(2,0) super-worldsheet to an N=(2,2) super-worldsheet in the following
way:
S =
∫
dzdz¯dκ+dκ−dκ¯+dκ¯−[X+l¯X−l −W−Ψ+ −W+Ψ− − W¯−Ψ¯+ − W¯+Ψ¯−] (II.1)
with the chirality constraints:
D−X+l¯ = D¯−X+l¯ = D+X−l = D¯+X−l = 0, (II.2)
6
D−Ψ+ = D¯−Ψ+ = D+Ψ− = D¯+Ψ− = D−Ψ¯+ = D¯−Ψ¯+ = D+Ψ¯− = D¯+Ψ¯− = 0,
D¯−W+ = D¯+W− = D−W¯+ = D+W¯− = 0,
the N=(2,2) super-Virasoro constaints:
D+W
+D−Ψ− −D−W−D+Ψ+ +D+X+l¯D−X−l = 0, (II.3)
D¯+W¯
+D¯−Ψ¯− − D¯−W¯−D¯+Ψ¯+ + D¯+X+l¯D¯−X−l = 0;
and the non-local constraint:
Ω ≡
∫
C
dzdκ+dκ−|κ¯±=0Ψ−Ψ+ +
∫
C
dz¯dκ¯+dκ¯−|κ±=0Ψ¯−Ψ¯+ = 0 (II.4)
where C is any closed curve on the two-dimensional surface (the non-local constraint, Ω,
is the N=(2,2) version of equation (A.14), and imposes restrictions on the U(1) mod-
uli of the surface since it implies that
∫
dκ+dκ−|κ¯±=0Ψ−Ψ+ is a holomorphic one-form
with purely imaginary periods when integrated around a non-trivial loop). Note that
the N=(2,2) super-worldsheet has been Wick-rotated to Euclidean space with coordinates
[z, κ+, κ−; z¯, κ¯+, κ¯−] satisfying z¯ = z∗, κ¯+ = (κ−)∗, κ¯− = (κ+)∗ (the action of equation
(II.1) is real since after Wick-rotation, the convention (Φ1Φ2)
∗ = Φ∗1Φ
∗
2 is used for both
bosons and fermions); D± ≡ ∂κ±+ 12κ∓∂z, D¯± ≡ ∂κ¯±+ 12 κ¯∓∂z¯ (this definition differs from
that of the Appendix); and X+l¯ = (X−l)∗, W¯± = (W∓)∗, Ψ¯± = (Ψ∓)∗. Under the 16
global spacetime-supersymmetry transformations that preserve the gauge-fixing,
δX+l¯ = ǫ−l¯Ψ+ + ǫ¯−l¯Ψ¯+, δX−l = ǫ+lΨ− + ǫ¯+lΨ¯−, (II.5)
δW+ = −ǫ+lX+l¯, δW− = −ǫ−l¯X−l, δW¯+ = −ǫ¯+lX+l¯, δW¯− = −ǫ¯−l¯X−l,
and under the target-space SU(4)xU(1) rotations,
[X+l¯, X−l, ǫ−l¯, ǫ+l, ǫ¯−l¯, ǫ¯+l,W±, W¯±,Ψ±, Ψ¯±]
transforms like a [4¯+ 1
2
, 4− 1
2
, 4¯− 1
2
, 4+ 1
2
, 4¯− 1
2
, 4+ 1
2
, 1±1, 1±1, 1±1, 1±1] representation (note
that the SO(8) anti-chiral spinor is chosen to break into a [1+1, 60, 1−1] representation
of SU(4)xU(1), rather than the usual choice5,6,7 of the SO(8) vector).
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After placing the auxiliary fields on-shell, the free-field action of equation (II.1) takes
the following component form:
S =
∫
dzdz¯(∂zx
+l¯∂z¯x
−l − Γ+l¯∂z¯Γ−l − Γ¯+l¯∂zΓ¯−l (II.6)
−w−∂z¯λ+ − ε−∂z¯ψ+ − w+∂z¯λ− − ε+∂z¯ψ− − w¯−∂zλ¯+ − ε¯−∂zψ¯+ − w¯+∂zλ¯− − ε¯+∂zψ¯−)
with the N=(2,2) super-Virasoro constraints:28
∂zx
+l¯∂zx
−l − 1
2
(Γ+l¯∂zΓ
−l + Γ−l∂zΓ+l¯) (II.7)
−1
2
(w−∂zλ+ − λ+∂zw−)− ε−∂zψ+ − 1
2
(w+∂zλ
− − λ−∂zw+)− ε+∂zψ− =
∂zx
+l¯Γ−l+ε+λ−−w−∂zψ+ = ∂zx−lΓ+l¯+ε−λ+−w+∂zψ− = Γ+l¯Γ−l+w+λ−−w−λ+ = 0,
∂z¯x
+l¯∂z¯x
−l − 1
2
(Γ¯+l¯∂z¯Γ¯
−l + Γ¯−l∂z¯Γ¯+l¯)
−1
2
(w¯−∂z¯λ¯+ − λ¯+∂z¯w¯−)− ε¯−∂z¯ψ¯+ − 1
2
(w¯+∂z¯λ¯
− − λ¯−∂z¯w¯+)− ε¯+∂z¯ψ¯− =
∂z¯x
+l¯Γ¯−l+ε¯+λ¯−−w¯+∂z¯ψ¯− = ∂z¯x−lΓ¯+l¯+ε¯−λ¯+−w¯−∂z¯ψ¯+ = Γ¯+l¯Γ¯−l+w¯+λ¯−−w¯−λ¯+ = 0,
and the non-local Ω constraint:
∫
C
dz(λ−λ+− 1
2
ψ−∂zψ+− 1
2
ψ+∂zψ
−)+
∫
C
dz¯(λ¯−λ¯+− 1
2
ψ¯−∂z¯ψ¯+− 1
2
ψ¯+∂z¯ψ¯
−) = 0, (II.8)
where at κ± = κ¯± = 0,
X+l¯ = x+l¯ ≡ xl + ixl+4, D+X+l¯ = Γ+l¯, D¯+X+l¯ = Γ¯+l¯, (II.9)
X−l = x−l ≡ xl − ixl+4, D−X−l = Γ−l, D¯−X−l = Γ¯−l,
D±W± = w±, D∓D±W± = ε±, Ψ± = ψ±, D±Ψ± = λ±,
D¯±W¯± = w¯±, D¯∓D¯±W¯± = ε¯±, Ψ¯± = ψ¯±, D¯±Ψ¯± = λ¯±.
For the rest of this paper, only the closed oriented chiral Green-Schwarz superstring
(type IIB) will be discussed, although it should be straightforward to generalize the discus-
sion to the open and heterotic types (the Type IIA closed string may present special prob-
lems since the two spacetime supersymmetries transform differently under the SU(4)xU(1)
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subgroup). To conserve space, most equations will be written only for the right-handed
sector of the Type IIB superstring, and the corresponding equations for the left-handed
sector can be obtained by complex conjugation.
B. Construction of the BRST Charge
The action for the N=(2,2) super-Virasoro ghosts, [B,C] and [B¯, C¯], is:29
Sghost =
∫
dzdz¯dκ+dκ−dκ¯+dκ¯−[BC + B¯C¯] (II.10)
with the chirality constraints, D¯−B = D¯+C = 0, and the super-Virasoro constraints,
D+BD−C +D−BD+C + ∂z(BC) = 0.
Placing the auxiliary fields on-shell, this action in component form is:
Sghost = −
∫
dzdz¯(b∂z¯c+ β
+∂z¯γ
− + β−∂z¯γ+ + v∂z¯u+ b¯∂z c¯+ β¯+∂z γ¯− + β¯−∂zγ¯+ + v¯∂zu¯)
with the super-Virasoro constraints:
b∂zc+ β
+∂zγ
− + β−∂zγ+ + v∂zu+ ∂z(bc+
1
2
(β+γ− + β−γ+)) = (II.11)
(b+
1
2
∂zv)γ
+−β+(u+1
2
∂zc)−∂z(vγ++β+c) = (b−1
2
∂zv)γ
−+β−(u−1
2
∂zc)+∂z(vγ
−−β−c) =
β+γ− − β−γ+ + ∂z(cv) = 0,
where at κ¯± = 0,
B = v + κ+β− − κ−β+ + κ+κ−b, C = c+ κ+γ− + κ−γ+ + κ+κ−u. (II.12)
Using the N=(2,2) super-Virasoro constraints of equation (II.11), a BRST charge can
be constructed in the following way:29
Q =
∫
dzdκ+dκ−|κ¯±=0[C(D+X+l¯D−X−l +D+W+D−Ψ− −D−W−D+Ψ+) (II.13)
+C∂zCB −D+CD−CB]
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+∫
dz¯dκ¯+dκ¯−|κ±=0[C¯(D¯+X+l¯D¯−X−l + D¯+W¯+D¯−Ψ¯− − D¯−W¯−D¯+Ψ¯+)
+C¯∂z¯C¯B¯ − D¯+C¯D¯−C¯B¯].
It is easy to check that [Q,B] at κ¯± = 0 is the sum of the matter and ghost super-
stress-energy tensors of equations (II.7) and (II.11), that [Q,Ω] = 0 where Ω is defined in
equation (II.8), and that Q is nilpotent including normal-ordering effects, since the central
charge contribution of the matter fields is (4× 2) + (4× 1)− (2× 2)− (2× 1) = +6, while
the contribution of the N=2 ghost fields is −26 + (2× 11)− 2 = −6.
Physical vertex operators, V , can now be defined by the conditions [Q, V ] = [Ω, V ] = 0
and V 6= [Q,B] for any B.
C. Bosonization of the U(1) Current
In order to construct the physical vertex operator, it is useful to first bosonize matter
and ghost fields that appear in the U(1) current,
JU(1) = Γ
+l¯Γ−l + w+λ− − w−λ+ + β+γ− − β−γ+ + ∂z(cv). (II.14)
As in the NSR formalism of the superstring, an unfortunate consequence of bosonization
is that the worldsheet superfields must be broken into their individual components. The
super-reparameterization ghosts, β± and γ±, are bosonized in the following standard way:3
β+ = e−φ
−
∂zξ
+, β− = e−φ
+
∂zξ
−, (II.15)
γ+ = eφ
+
η+, γ− = eφ
−
η−
where all expressions are normal-ordered, and as y → z, ∂yφ−(y)∂zφ−(z) and
∂yφ
+(y)∂zφ
+(z) → −(y − z)−2 and therefore have negative energies, η−(y)∂zξ+(z) →
(y − z)−2, η+(y)∂zξ−(z)→ (y − z)−2, and all other operator products are non-singular.
The Γ+l¯ and Γ−l matter fields are also bosonized in the standard way3 as:
Γ+l¯ = eσl ,Γ−l = e−σl (II.16)
where as y → z, ∂yσl(y)∂zσm(z)→ δl,m(y − z)−2.
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Finally, the bosonization of the λ± and w± matter fields is less straightforward, but
the following formulas can be shown to have the correct operator-product expansions:
λ+ = (∂zx
+ +
1
2
ψ+∂zψ
− +
1
2
ψ−∂zψ+)eh
+
+ e−h
−
, λ− = e−h
+
(II.17)
w+ = eh
+
(∂zh
++∂zh
−+x−(∂zx+ +
1
2
ψ+∂zψ
− +
1
2
ψ−∂zψ+))+x−e−h
−
, w− = x−e−h
+
,
where as y → z, ∂yx+(y)∂zx−(z) → (y − z)−2, ∂yh+(y)∂zh−(z) → (y − z)−2, and the +
and − indices of x+ and x− refer to the target-space light-cone indices x9±x0 (the SO(9,1)
metric is [−+++++++++]). Since ∂yh1(y)∂zh1(z)→ (y−z)−2 and ∂yh2(y)∂zh2(z)→
−(y − z)−2 where
h+ ≡ 1√
2
(h1 + h2) and h− ≡ 1√
2
(h1 − h2), (II.18)
h1 and h2 describe two chiral bosons that take values on a circle of radius
√
2, one with
positive energy and the other with negative energy. Note that by shifting the scalar fields
h+ and h− by a constant, the relative coefficients of the two terms in λ+ and w+ can be
changed without affecting the operator-product expansions.
In order to give the correct conformal weights for the unbosonized fields, the bosonized
scalar fields [φ±, σl, h1, h2, x±] must have screening charges q = [+2, 0,+
√
2, 0, 0] and the
[ξ±, η±] fields must have conformal weight [0,1]. It is easy to check using the formula
c = 1 ∓ 3q2 that the total contribution to the central charge of the unbosonized fields is
equal to the total contribution of the bosonized fields.
By defining x+ and x− to be real quantities (i.e., the same x+ and x− appear in the
bosonizations of [λ±, w±] and [λ¯±, w¯±]), this bosonization would seem to guarantee that
the Ω constraint of equation (II.8) is satisfied (note that e−h
−
(y)e−h
+
(z) → 0 as y → z).
However, it was shown in reference 17 that the Ω constraint restricts the global U(1) moduli
of the N=2 surface since only for certain special values of the U(1) moduli is it possible to
find holomorphic fields, λ+ and λ−, such that the real part of
∫
C
dz(λ−λ+ − 1
2
ψ−∂zψ+ −
1
2ψ
+∂zψ
−) vanishes around all non-contractible loops. As will be shown in Section III.C.,
the bosonization prescription of equation (II.17) also imposes a restriction on the U(1)
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moduli since correlation functions of the e±h
+
and e±h
−
fields are only well-defined (i.e.,
do not have unwanted poles) for special values of the U(1) moduli.
Because ε± and ε¯± must commute with λ± and λ¯±, they should commute with
∂zx
+ + 12ψ
+∂zψ
− + 12ψ
−∂zψ+ and ∂z¯x+ + 12 ψ¯
+∂z¯ψ¯
− + 12 ψ¯
−∂z¯ψ¯+, but not with x+. It
is therefore convenient to define new fields,
εˆ± ≡ ε± − 1
2
∂zx
−ψ± − x−∂zψ±, ˆ¯ε± ≡ ε¯± − 1
2
∂z¯x
−ψ¯± − x−∂z¯ψ¯±, (II.19)
which no longer commute with λ± and λ¯±, but which do commute with x+. When
expressed in terms of the bosonized fields and εˆ±, it is easy to check that the BRST charge
is invariant under constant shifts of x+ and x−.
D.Picture-Changing Operators
As in the NSR formalism for the superstring, it is useful to define operators that
change the ghost number (or picture) of a physical vertex operator (right and left-handed
ghost number is defined as
∫
dz(cb+uv+∂zφ
+−∂zφ−) and
∫
dz¯(c¯b¯+ u¯v¯+∂z¯φ¯
+−∂z¯φ¯+)).
These operators are constructed in the usual way3 by commuting the BRST charge, Q,
with the ξ± fields that appear in the bosonized [β±, γ±] system of equation (II.15):
Z+ ≡ [Q, ξ+] = eφ− [∂zx−lΓ+l¯+ε−λ+−w+∂zψ−+(b− 1
2
∂zv)γ
+−v∂zγ++ cξ+], (II.20)
Z− ≡ [Q, ξ−] = eφ+ [∂zx+l¯Γ−l + ε+λ− − w−∂zψ+ + (b+ 1
2
∂zv)γ
− + v∂zγ− + cξ−].
Like the N=1 case, ∂zZ
± is BRST-trivial so changing the location of the picture-
changing operators changes the integrand of the scattering amplitude by a total derivative
in the moduli space. As was already mentioned in the introduction, these total derivatives
are harmless for the twistor-string because the integrands are manifestly spacetime super-
symmetric and therefore contain no divergences. Note that unlike the N=1 case, there are
no inverse picture-changing operators in the N=2 cohomology since there are no terms in
Z± that are proportional to e2φ
∓
.
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E. Instanton-Number-Changing Operators
After bosonizing the fields that transform under the worldsheet U(1)-transformations,
the U(1) current of equation (II.14) can be written as:
JU(1) = ∂z(
4∑
l=1
σl − h+ + h− − φ+ + φ− + cv). (II.21)
Although
∫
dzJU(1) is not a well-defined operator since it is only defined up to 2π, the
operator
In ≡ exp[n(
4∑
l=1
σl − h+ + h− − φ+ + φ− + cv)] (II.22)
is a well-defined operator when n is an integer, and I will be called the right-handed
instanton-number-changing operator. Since JU(1) = [Q, v], ∂zI
n = nJU(1)I
n = [Q, nvIn],
and therefore, ∂zI
n is BRST-trivial. So In shares the property of the picture-changing
operators that it is in the BRST cohomology, but amplitudes do not depend on its location.
It is easy to check that evaluating a correlation function on an N=2 surface with instanton
number [n, n¯] (i.e., n =
∫
dzdz¯∂z¯Az and n¯ =
∫
dzdz¯∂zAz¯, where Az and Az¯ are the two
components of the U(1) gauge field) is equivalent to evaluating the correlation function on
an N=2 surface with vanishing instanton number, but with an insertion of the operator
InI¯ n¯.
By adding Im(g−1)I¯n(g−1) to the background charge, it is easily seen that “twisting”
the conformal weights of the fields by redefining the Virasoro generators L→ L+m
2
∂zJU(1)
and L¯→ L¯+ n2 ∂z¯J¯U(1), is equivalent to integrating over a genus g surface with its instanton
number shifted by [m(g − 1), n(g − 1)].
F. Massless Physical Vertex Operators
The massless supermultiplet for the closed oriented chiral superstring consists of 256
physical states, half fermionic and half bosonic. Using SU(4)xU(1) super-Poincare´ invariant
notation,5 this supermultiplet,
G(xµ, θ−l¯, θ¯−l¯) = g−,−(xµ) + θ−l¯g−l,−(xµ) + θ¯−l¯g−,−l(xµ) + ..., (II.23)
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can be expressed as a function of the ten spacetime bosonic coordinates and 8 of the 32
spacetime fermionic coordinates, where ∂xµ∂xµG = 0. Half of the 32 spacetime supersym-
metry transformations are realized linearly on G by
S+lG = ∂θ−l¯G, S
−l¯G = −iθ−l¯∂x+G, S¯+lG = ∂θ¯−l¯G, S¯−l¯G = −iθ¯−l¯∂x+G. (II.24)
It is convenient to choose to break the target-space SO(9,1) Lorentz invariance down
to SU(4)xU(1) in such a way that the SO(8) vector breaks into 4¯+ 1
2
and 4− 1
2
representa-
tions of SU(4)xU(1), the chiral SO(8) spinor breaks into 4+ 1
2
and 4¯− 1
2
representations of
SU(4)xU(1), and the anti-chiral SO(8) spinor breaks into 1+1, 60, and 1−1 representations
of SU(4)xU(1). Although this choice of breaking SO(9,1) down to SU(4)xU(1) is not the
usual one5,6,7 in which the SO(8) vector breaks into 1+1, 60, and 1−1 representations of
SU(4)xU(1), it is related to the usual choice by SO(8) triality.
With this unconventional choice, the θ−l¯ = θ¯−l¯ = 0 component of G, g−,−(xµ), is one
component of a direct product of two anti-chiral SO(8) spinors, rather than one component
of a direct product of two SO(8) vectors. The vertex operator for this state with momentum
pµ and ghost number (−2,−2) is:
V−,− =
∣∣∣∣(p+)−2cψ+ψ− exp(−h+ − φ+ − 2φ−)
∣∣∣∣
2
exp(ip+l¯x−l + ip−lx+l¯ + ip−x+ + ip+x−)
(II.25)
where pµpµ = 0 and p
+ is assumed to be non-zero.
It is straightforward to check that this state is in the BRST cohomology and that if
any of the ψ’s are removed, the state becomes BRST-trivial since
cψ+ exp(−h+ − φ+ − 2φ− + ip+x−) = [Q, ∂zξ−ψ−cψ+ exp(−2φ+ − 2φ− + ip+x−)],
cψ− exp(−h+−φ+−2φ−+ip+x−) = [Q, (p+)−1∂zξ+ψ+cψ− exp(−2h+−φ+−3φ−+ip+x−)].
By attaching an arbitrary number of picture-changing operators to V−,−, other “pic-
tures” for the vertex operator can be constructed. For example, one picture for the vertex
operator of g−,−(xµ), with ghost number (−1,−1) is:
Z+Z¯+V−,− =
∣∣∣∣(p+)−1cψ− exp(−φ+ − φ−)
∣∣∣∣
2
exp(ip+l¯x−l + ip−lx+l¯ + ip−x+ + ip+x−).
(II.26)
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Pictures for the vertex operator of g−,− with lower ghost number than (−2,−2) can be
obtained by starting from
W−,− ≡
∣∣∣∣(p+)−M−1c
M−1∏
m=0
∂mz ψ
−∂mz ψ
+ exp(−h+ −Mφ+ − (M + 1)φ−)
∣∣∣∣
2
exp(ipµxµ),
(II.27)
which has ghost number (−2M,−2M) and satisfies V−,− = |Z+Z−|2(M−1)W−,−.
The easiest way to obtain the vertex operators for the other states in the massless
supermultiplet, G, is to first construct the 16 spacetime supersymmetry generators of
equation (II.24) that act linearly on G. These generators are constructed out of the twistor-
string matter fields as follows:
S+l =
∫
dz(Γ−lλ+ − ∂zx−lψ+) (II.28)
=
∫
dz((∂zx
+ +
1
2
ψ+∂zψ
− +
1
2
ψ−∂zψ+) exp(−σl + h+) + exp(−σl − h−)− ∂zx−lψ+),
S−l¯ =
∫
dz(Γ+l¯λ− − ∂zx+l¯ψ−) =
∫
dz(exp(σl − h+)− ∂zx+l¯ψ−),
S¯+l =
∫
dz¯(Γ¯−lλ¯+ − ∂z¯x−lψ¯+)
=
∫
dz¯((∂z¯x
+ +
1
2
ψ¯+∂z¯ψ¯
− +
1
2
ψ¯−∂z¯ψ¯+) exp(−σ¯l + h¯+) + exp(−σ¯l − h¯−)− ∂z¯x−lψ¯+),
S¯−l¯ =
∫
dz¯(Γ¯+l¯λ¯− − ∂z¯x+l¯ψ¯−) =
∫
dz¯(exp(σ¯l − h¯+)− ∂z¯x+l¯ψ¯−).
Note that these generators commute with the BRST charge and have the anti-commutation
relations, {S−l¯, S+m} = 2δl,m
∫
dz∂zx
+, {S¯−l¯, S¯+m} = 2δl,m
∫
dz¯∂z¯x
+.
Unlike the NSR case,3 these spacetime supersymmetry generators contain no ghost
fields and therefore do not have unwanted poles coming from correlation functions of the
φ± fields.4 This lack of unwanted poles for S and S¯ means that spacetime supersymmetry
is manifest and there is no multiloop ambiguity in the scattering amplitudes.
The vertex operator for the other states in G can now be constructed by commuting
various combinations of S+l and S¯+l with V−,− (note that g−,−(xµ) is the lowest compo-
nent of the superfield G, so [S−l¯, V−,−] = [S¯−l¯, V−,−] = 0). Since S+l and S¯+l commute
with Z± and Z¯±, this construction can be carried out in any picture of V−,−.
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The vertex operator for the supermultipletG(xµ, θ−l¯, θ¯−l¯) with momentum pµ (pµpµ =
0 and p+ 6= 0) is therefore:
VG(xµ,θ−l¯,θ¯−l¯) = exp(θ
−l¯S+l + θ¯−l¯S¯+l)V−,− (II.29)
where the contours of S+l and S¯+l surround the vertex operator V−,−. The overall factor
of (p+)−4 in V−,− can easily be checked by calculating the vertex operator for the (−l,−m)
component of the graviton state in the ghost-number (1, 1) picture and setting all fermion
fields to zero:
V(−l,−m) = S
+lS¯+m
∣∣∣∣(Z+)2Z−
∣∣∣∣
2
V−,− = (II.30)
cc¯(∂zx
−l − p
−l
p+
∂zx
+)(∂zx
−m − p
−m
p+
∂zx
+) exp(ipµxµ).
The corresponding vertex operators for the other components of the graviton when all
fermion fields are set to zero can be obtained by using the appropriate combinations of
picture-changing and instanton-number-changing operators, e.g.,
V(+l¯,−m) = (p
+)−1ǫijklS+iS+jS+kS¯+mI(Z−)2Z+Z¯−(Z¯+)2V−,− = (II.31)
cc¯(∂zx
+l¯ − p
+l¯
p+
∂zx
+)(∂zx
−m − p
−m
p+
∂zx
+) exp(ipµxµ).
III. Calculation of Green-Schwarz Scattering Amplitudes
A. Tree Amplitudes
Tree-level scattering amplitudes for N massless states of the Green-Schwarz superstring
are calculated by evaluating free-field correlation functions on the sphere of the operators
VG, Z
±, Z¯±, I, and I¯. The locations of N − 3 of the vertex operators are integrated over
the sphere, whereas the locations of the other operators are arbitrary.
The number of Z± and I operators that need to be inserted on the sphere can be
determined from the rule that
<
∣∣∣∣exp(−2φ+ − 2φ− −
√
2h1)ψ−ψ+c∂zc∂z∂zc
∣∣∣∣
2
>sphere= 1. (III.1)
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Note that the background charges for the fields ξ± and u do not appear in the normalization
rule. This does not violate BRST invariance since after bosonization, the zero modes
of these fields do not appear in the BRST charge. Since VG ∼ | exp(−φ+ − 2φ−)|2,
Z± ∼ exp(φ∓), and I ∼ exp(φ− − φ+),
nZ+ = 2N − 2− nI , nZ− = N − 2 + nI . (III.2)
A final relation for nI can be derived from the fact that the charge
K ≡
∫
dz(: ε+ψ− − ε−ψ+ + w+λ− − w−λ+ :) =
∫
dz(: εˆ+ψ− − εˆ−ψ+ : +∂zh− − ∂zh+)
(III.3)
commutes with the BRST charge and has the following commutation relations with the
other operators:
[K, VG] = (θ
−l¯∂θ−l¯ − 1)VG, [K,Z±] = 0, [K, I] = −2I. (III.4)
The fact that K commutes with the background charge implies that for the component of
the scattering amplitude with Y θ−l¯’s (0 ≤ Y ≤ 4N),
nI =
1
2
(Y −N), (III.5)
where the different θ−l¯ components of the amplitude correspond to the scattering of differ-
ent components of G. Since Y −N is even by fermion number conservation, this equation
always has a solution with integer-valued nI .
Using equations (III.2) and (III.5), one finds
nZ+ =
1
2
(5N − Y − 4), nZ− =
1
2
(N + Y − 2), nI = 1
2
(Y −N). (III.6)
Since Z± are the only operators with εˆ±, there must be at least N − 1 of each of these
picture-changing operators in order to cancel all but one of the ψ+ψ− terms that come
from the VG’s (one of the terms must remain to provide the background charge). From
equation (III.2) and the complex conjugate equation, this implies that 1 ≤ nI ≤ N−1 and
1 ≤ n¯I¯ ≤ N − 1, and therefore, the only non-zero components in the tree-level scattering
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amplitude have between (2 + N) and (3N − 2) θ−l¯’s and between (2 + N) and (3N − 2)
θ¯−l¯’s.
So the tree-level scattering amplitude for N massless states is:
Asphere = (III.7)
N∏
r=4
∫
dzrdz¯r < VˆG,r(zr, z¯r)
3∏
s=1
VG,s(zs, z¯s)
∣∣∣∣
N−1∑
n=1
In(Z+)2N−2−n(Z−)N−2+n
∣∣∣∣
2
>sphere
where VG,r ≡ cc¯VˆG,r, and Asphere is a function of pµr , θ−l¯r , and θ¯−l¯r for µ = 0 to 9, l = 1
to 4, and r = 1 to N . Note that since terms with a different number of instanton-number-
changing operators only contribute to components of Asphere with a different number
of θ−l¯’s, the instanton contribution to the action of eiϑnI (ϑ is the instanton “theta-
parameter”) can be cancelled by shifting θ−l¯ → e− 12 iϑθ−l¯, or equivalently, by rotating by
eiϑ the U(1) subgroup of the manifest SU(4)xU(1) target-space invariance.30
After expressing the operators in equation (III.7) in terms of the bosonized fields, the
free-field correlation functions are easy to evaluate using the following formula3 for chiral
bosons, φ, of screening charge q:
<
n∏
i=1
exp(ciφ(zi)) >sphere= δ−q,Σci
∏
i<j
(zi − zj)±cicj (III.8)
where the + sign is taking for positive-energy chiral bosons and the − sign is taken for
negative-energy chiral bosons. The only exception to this formula is for the screening
charge of the (η±, ξ±) and (u, v) fields, which is taken to be zero.
For example, the tree-level scattering amplitude for three massless states is calculated
as follows:
Asphere =<
3∏
s=1
VG,s(zs, z¯s)
∣∣∣∣I(Z+)3(Z−)2 + I2(Z+)2(Z−)3
∣∣∣∣
2
>sphere (III.9)
=
9∏
µ=0
δ(
3∑
s=1
pµs )
∣∣∣∣
4∏
l=1
δ(
3∑
s=1
p+s θ
−l¯
s )[(p
+
1 p
+
2 p
+
3 )
−1P−aΘ−a¯ + ǫabcdP+a¯Θ−b¯Θ−c¯Θ−d¯]
∣∣∣∣
2
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where Pµ ≡ p+1 pµ2 − p+2 pµ1 and Θ−a¯ ≡ (p+3 )−1(θ−a¯1 − θ−a¯2 ). Note that Pµ and Θ−a¯, when
multiplied by the delta-functions, are invariant up to a sign when the labels of the strings
are interchanged.12
B.N=2 Super-Beltrami Differentials
Because N=2 super-Riemann surfaces of non-zero genus are not all conformally equiv-
alent, beltrami differentials need to be introduced to distinguish the different surfaces.24
For a surface of genus g with N punctures and instanton number [n, n¯], the complex bel-
trami differentials,M iT , describe shifts in the bosonic Teichmuller parameters, m
T
i for i = 1
to 3g − 3 +N , the complex differentials, M j
U(1), describe shifts in the bosonic U(1) mod-
uli, m
U(1)
j for j = 1 to g, the complex differentials, M
k
+, describe shifts in the fermionic
supermoduli, m+k for k = 1 to 2g− 2+N −n, and the complex differentials, M l−, describe
shifts in the fermionic supermoduli, m−l for l = 1 to 2g − 2 +N + n. The contribution of
the instanton number, n, to the relative numbers of fermionic moduli can be understood
from the fact that shifting the conformal weights of the fields by L → L + n2(g−1)∂zJU(1)
is equivalent to shifting the instanton number of the surface by n.
Using the notation of reference 4, the g-loop scattering amplitude for N massless states
is:
Ag =
∞∑
n=−∞
∞∑
n¯=−∞
∣∣∣∣
3g−3+N∏
i=1
∫
dmTi
g∏
j=1
∫
dm
U(1)
j
2g−2+N−n∏
k=1
∫
dm+k
2g−2+N+n∏
l=1
∫
dm−l
∣∣∣∣
2
g∏
J=1
∫
dρaJdρbJ
∫
R
DX+l¯DX−l
∣∣∣∣DW+DΨ−DW−DΨ+DBDC
∣∣∣∣
2
(III.10)
∣∣∣∣δ(< M iT |b >)δ(< M jU(1)|v >)δ(< Mk+|β+ >)δ(< M l−|β− >)
∣∣∣∣
2
exp(ρaJΩaJ + ρbJΩbJ ) exp(Smatter + Sghost)
N∏
r=1
VG,r(zr, z¯r)
∣∣Z+(zr)∣∣2,
where R is an N=2 super-Riemann surface of genus g and instanton number [n, n¯],
VG,r|Z+|2 is in the picture with ghost number (−1,−1), ρaJ and ρbJ are Lagrange multi-
pliers for the Ω constraint of equation (II.8) (for ΩaJ , the loop C goes around the aJ -cycle,
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while for ΩbJ , the loop goes around the bJ -cycle), Smatter and Sghost are defined in equa-
tions (II.1) and (II.10), and the δ(< M |B >) terms come from the N=2 superconformal
gauge-fixing.
As in the NSR formalism,4 the integration over the anti-commuting moduli, m+k and
m−l , can be easily performed if one chooses the fermionic beltrami differentials, M
k
+ and
M l−, to have the form:
Mk+(z) = ∂z¯(
1
z − w+k
) = δ(z − w+k ), M l−(z) = ∂z¯(
1
z − w−l
) = δ(z − w−l ) (III.11)
where w+k and w
−
l are independent of the N=2 super-moduli. Since the only dependence
on m+k and m
−
l comes from the action,
S = S|m±=m¯±=0 +m+k < Mk+|[Q, β+] > +m¯+k¯ < M¯ k¯+|[Q, β¯+] > (III.12)
+m−l < M
l
−|[Q, β−] > +m¯−l¯ < M¯ l¯−|[Q, β¯−] >,
integration overm± and m¯±, when combined with the |δ(< M±|β± >)|2 factors, introduces
the picture-changing operator insertions,
∣∣∣∣
2g−2+N−n∏
k=1
δ(β+(w+k ))[Q, β
+(w+k )]
2g−2+N+n∏
l=1
δ(β−(w−l ))[Q, β
−(w−l )]
∣∣∣∣
2
=
∣∣∣∣
2g−2+N−n∏
k=1
Z+(w+k )
2g−2+N+n∏
l=1
Z−(w−l )
∣∣∣∣
2
. (III.13)
It is convenient to choose N of the Teichmuller parameters to be the locations, zr, of
the vertex operators. This implies that the beltrami differentials, M iT for i = 3g − 2 to
3g − 3 +N , are ∂z¯H(ǫ− |z − zr|) where H is the Heavyside step-function and ǫ is small.
With this choice, the effect of the
∣∣∣∣∏3g−3+Ni=3g−2 dmTi δ(< M iT |b >
∣∣∣∣
2
term is to replace the N
vertex operators, VG,r(zr, z¯r), with
∫
dzrdz¯rVˆG,r(zr, z¯r) where VG,r ≡ cc¯VˆG,r.
For the g U(1) moduli, it is convenient to choose
m
U(1)
j =
1
2π
∫
bj
dzAz, m¯
j
U(1) =
1
2π
∫
bj
dz¯Az¯, (III.14)
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where
∫
aj
dzAz and
∫
aj
dz¯Az¯ have been gauge-fixed to zero using the N=2 superconformal
transformations (Az and Az¯ are the two components of the U(1) gauge field and aj , bj are
the 2g non-trivial loops of the surface with intersection properties ai ∩ bj = δi,j). The
corresponding beltrami differentials are
M
U(1)
j (z) = ∂z¯
∫
aj
dyj(
1
z − yj ), (III.15)
so < M
U(1)
j |v >=
∫
aj
dyjv(yj).
As in the tree-level amplitudes, conservation of the charge K ≡ ∫ dz(: εˆ+ψ−− εˆ−ψ+ :
+∂zh
−−∂zh+) of equation (III.3) implies that the instanton number nmust equal 12 (Y−N)
for the component of the scattering amplitude with Y θ−l¯’s. Furthermore, only the picture-
changing operators Z± contain εˆ±, and since εˆ± contains g− 1 more zero modes than ψ±,
there must be at least (N + g− 1) Z+’s and (N + g− 1) Z−’s (each VG,r contains one ψ−
and one ψ+). Since there are (2N + 2g − 2 − n) Z+’s and (N + 2g − 2 + n) Z−’s, this
implies that 1− g ≤ n ≤ N − 1+ g, and therefore, only components of the amplitude with
between (2− 2g +N) and (2g − 2 + 3N) θ−l¯’s are non-zero.
Using this information, the g-loop amplitude, Ag, can be written as:
Ag =
∣∣∣∣
3g−3∏
i=1
∫
dmTi
g∏
j=1
∫
dm
U(1)
j
∣∣∣∣
2 ∫
R
DX+l¯DX−l
∣∣∣∣DW+DΨ−DW−DΨ+DBDC
∣∣∣∣
2
g∏
J=1
∫
dρaJdρbJ
∣∣∣∣δ(< M iT |b >)
∫
aj
dyjv(yj)
N−1+g∑
n=1−g
In(Z+)2g−2+2N−n(Z−)2g−2+N+n
∣∣∣∣
2
(III.16)
exp(ρaJΩaJ + ρbJΩbJ ) exp(Smatter + Sghost)
N∏
r=1
∫
dzrdz¯rVˆG,r(zr, z¯r),
where the locations of the I’s and Z±’s are arbitrary (changing their locations changes the
integrand by a total derivative in the moduli).
The above functional integral can be explicitly evaluated once the free-field correlation
functions on the surface, R, for the matter and ghost fields have been determined.
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C. Correlation Functions for the W± and Ψ± Superfields
After bosonizing the [λ±, w±] fields as in equation (II.17), the Ω constraint,∫
C
dz(λ−λ+ − 12ψ−∂zψ+ − 12ψ+∂zψ−) +
∫
C
dz¯(λ¯−λ¯+ − 12 ψ¯−∂z¯ψ¯+ − 12 ψ¯+∂z¯ψ¯−) = 0, is
trivially solved. However, the restriction on the U(1) moduli that is imposed by this con-
straint does not disappear. Since the bosonized fields include fields with negative energy,
demanding analyticity of these fields (i.e., that their correlation functions do not have
unwanted poles) will impose a similar restriction on the U(1) moduli.
By expressing the unbosonized fields, [λ±, w±, ψ±, ε±], in terms of the bosonized fields,
[x±, h1, h2, ψ±, εˆ±], all correlation functions can be performed using the results of refer-
ences 31 and 32 (because the zero-mode of x+ is a well-defined field on the surface, there is
no analog for the special treatment needed to handle the ξ± zero-mode in the bosonization
of the [β±, γ±] system4). The anomolous contributions to these correlation functions from
the conformal factor can be safely ignored since vanishing of the total central charge implies
that these anomolous contributions will cancel out in the final scattering amplitude.
The [ψ+, εˆ−] fields can be represented by chiral scalar bosons with screening charge
q = 1 which take values on a circle of radius 1, so their correlation functions are:4
<
m∏
i=1
εˆ−(yi)
n∏
j=1
ψ+(zj) >τ= Z([
m∑
i=1
yi −
n∑
j=1
zj −∆], τ) (III.17)
where ∆ is the Riemann class, τ is the period matrix of the surface and is a complex
symmetric g × g matrix with positive-definite imaginary part,
Z([
n∑
i=1
cizi−q∆], τ) = δq(g−1),Σci
∏
i<j
E(zi, zj)
cicj
n∏
i=1
σ(zi)
qci(Z1(τ))
− 1
2Θ([
n∑
i=1
cizi−q∆], τ),
(III.18)
Z1(τ) is a normalization for Z such that Z([
∑g
i=1 zi − y −∆], τ) = Z1(τ) detij ωi(zj), ωi
are the g canonical holomorphic one-forms satisfying
∫
aj
ωi = δi,j and
∫
bj
ωi = τij , E(y, z)
is the prime form,
σ(y)
σ(z)
=
Θ([y −∑gi=1 pi +∆], τ)
Θ([z −∑gi=1 pi +∆], τ)
g∏
j=1
E(y, pj)
E(z, pj)
(III.19)
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for arbitrary pi (the final amplitudes will contain equal powers of σ in the numerator and
denominator because of the vanishing conformal anomaly), [
∑n
i=1(yi−zi)]j ≡
∑n
i=1
∫ yi
zi
ωj
is an element in the Jacobian variety Cg/(Zg+τZg), and Θ(z, τ) ≡∑n∈Zg exp(iπnjτjknk+
2πinjzj) which satisfies Θ(z+ τn+m, τ) = exp(−iπnjτjknk − 2πinjzj)Θ(z, τ) for z ∈ Cg
and n,m ∈ Zg. For a brief but sufficient review of these objects, see Chapter 3 of reference
31.
The x+ and x− fields are non-chiral scalar bosons which take values on the real line,
so their correlation functions are:
<
n∏
j=1
exp(ip+j x
−(zj) + ip−j x
+(zj)) >τ (III.20)
= δ(
n∑
j=1
p+j )δ(
n∑
j=1
p−j )(det Im τ)
−1|Z1(τ)|−2
∏
j 6=k
F (zj , zk)
p+
j
p−
k ,
where F (y, z) = exp(−2πIm[y − z](Im τ)−1Im[y − z])|E(y, z)|2. Note that this non-
holomorphic correlation function can be expressed as:33
δ(
n∑
j=1
p+j )δ(
n∑
j=1
p−j )
g∏
J=1
∫ ∞
−∞
dk+J dk
−
J (III.21)
∣∣∣∣< exp[
∫
bJ
dyJ (ik
+
J ∂yJx
−
z (yJ ) + ik
−
J ∂yJx
+
z (yJ ))]
n∏
j=1
exp(ip+j x
−
z (zj) + ip
−
j x
+
z (zj)) >τ
∣∣∣∣
2
where
<
n∏
j=1
exp(ip+j x
−
z (yj) + ip
−
j x
+
z (yj)) >τ≡ (Z1(τ))−1
∏
j 6=k
E(yj, yk)
p
+
j
p
−
k ,
and (k±J )
∗ ≡ −k±J , (p±j )∗ ≡ −p±j in the above formula. The integrations over k+J and k−J
in the above formula bear a close resemblance to the Lagrange multipliers, ρaJ and ρbJ , of
equation (III.10).
Since the chiral scalar bosons, h1 and h2, take values on a circle of radius
√
2, their
correlation functions are not as straightforward to calculate. Nevertheless, these functions
can be determined using the results of reference 32. The h1 fields have screening charge
q =
√
2, and so their correlation functions are:
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<n∏
i=1
exp(c1ih
1(zi)) >τ= f1(τ)δ√2(g−1),Σc1
i
∏
i<j
E(zi, zj)
c1i c
1
j
n∏
i=1
σ(zi)
√
2c1i (III.22)
Θ([
n∑
i=1
√
2c1i zi − 2∆], 2τ),
where f1(τ) is an unknown overall normalization factor. These correlation functions for
chiral bosons that take values on a circle of radius
√
2 have the strange property that they
are periodic when any of the operators is taken once around an aj-cycle, or twice around
a bj-cycle.
The h2 fields also take values on a circle of radius
√
2, but differ from the h1 fields
in three ways. Firstly, the h2 field undergoes a shift of 2
√
2πim
U(1)
j when it goes around
a bj-cycle, and therefore a shift of 4
√
2πim
U(1)
j when it goes twice around. Secondly, the
energy of h2 is negative, so the correlation functions are inverted. And thirdly, h2 has no
screening charge. The correlation functions for the h2 fields are therefore:
<
n∏
i=1
exp(c2ih
2(zi)) >τ= f2(τ)δ0,Σc2
i
[∏
i<j
E(zi, zj)
c2i c
2
jΘ([
n∑
i=1
√
2c2i zi]− 2mU(1), 2τ)
]−1
.
(III.23)
Putting together the correlation functions of equations (III.22) and (III.23), one finds:
<
n∏
i=1
exp(c−i h
+(zi) + c
+
i h
−(zi)) >τ= f1(τ)f2(τ)δg−1,Σc−
i
δg−1,Σc+
i
(III.24)
∏
i6=j
E(zi, zj)
c
−
i
c
+
j
n∏
i=1
σ(zi)
c−
i
+c+
i
Θ([
∑n
i=1
√
2c1i zi − 2∆], 2τ)
Θ([
∑n
i=1
√
2c2i zi]− 2mU(1), 2τ)
,
where h± = 1√
2
(h1 ± h2) and where c±i = 1√2(c1i ± c2i ).
Since Θ([
∑n
i=1
√
2c2i zi] − 2mU(1), 2τ) has zeroes as a function of zi, the correla-
tion functions of the h+ and h− fields will have unwanted poles unless the zeroes of
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Θ([
∑n
i=1
√
2c1i zi−2∆], 2τ) occur at the same locations as the zeroes of Θ([
∑n
i=1
√
2c2i zi]−
2mU(1), 2τ). This is possible only if
m
U(1)
j = [
1√
2
n∑
i=1
(c2i ± c1i )∓∆]j + αj , (III.25)
where αj is 0 or
1
2 , and m
U(1)
j is defined such that 0 ≤ Re(mU(1)j ) < 1 and 0 ≤
Im(m
U(1)
j )(Im τ)
−1
jk < 1 (this definition chooses one point in the Jacobian variety,
Cg/(Zg + τZg), however as will be shown in Section IV.A., the total scattering ampli-
tude is independent of this choice).
The ambiguity in m
U(1)
j comes from the fact that Θ(z, 2τ) = Θ(−z, 2τ) and Θ(z +
1, 2τ) = Θ(z, 2τ), and can be fixed by analyzing the following correlation function:
F (y+, y−) ≡<
n∏
i=1
exp(c−i h
+(zi) + c
+
i h
−(zi))λ+(y+)λ−(y−) >τ (III.26)
where Σni=1c
−
i = Σ
n
i=1c
+
i = g − 1. From equations (II.17) and (III.24),
F (y+, y−) =<
n∏
i=1
exp(c−i h
+(zi) + c
+
i h
−(zi))
(∂zx
+ +
1
2
ψ+∂zψ
− +
1
2
ψ−∂zψ+)(y+) exp(h+(y+)− h+(y−)) >τ
= C(∂zx
+ +
1
2
ψ+∂zψ
− +
1
2
ψ−∂zψ+)(y+)
n∏
i=1
E(y+, zi)
c+
i σ(y+)
E(y−, zi)c
+
i σ(y−)
(III.27)
where C is independent of y±, and therefore, F (y+, y−) → exp(2πi[∑ni=1 c+i −
∆]j)F (y
+, y−) when y+ goes around the bj-cycle. Since λ+(y+)→ exp(2πimU(1)j )λ+(y+)
when y+ goes around the bj-cycle, the correct choice for the U(1) moduli is:
m
U(1)
j = [
n∑
i=1
c+i −∆]j . (III.28)
So finally, the correlation function for the h± fields is given by:
<
n∏
i=1
exp(c−i h
+(zi) + c
+
i h
−(zi)) >τ= (III.29)
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N(τ)δg−1,Σc−
i
δg−1,Σc+
i
∏
i6=k
E(zi, zk)
c−
i
c+
k
n∏
i=1
σ(zi)
c−
i
+c+
i
g∏
j=1
δ(m
U(1)
j − [
n∑
i=1
c+i −∆]j)
where N(τ) is an overall measure factor that is independent of the locations of the fields.
D. Correlation Functions for X Superfields
The correlation functions for each pair of x+l¯ and x−l fields are the same as for the
x± fields of equation (III.20), that is:
<
n∏
j=1
exp(ip+l¯j x
−l(zj) + ip−lj x
+l¯(zj)) >τ= (III.30)
δ(
n∑
j=1
p+l¯j )δ(
n∑
j=1
p−lj )(det Im τ)
−1|Z1(τ)|−2
∏
j 6=k
F (zj , zk)
p
+l¯
j
p
−l
k ,
where F (y, z) = exp(−2πIm[y − z](Im τ)−1Im[y − z])|E(y, z)|2.
The correlation functions for the Γ−l and Γ+l¯ fields are also straightforward, with
the only subtlety coming from the U(1) shift of exp(2πim
U(1)
j ) when Γ
+l¯ goes around the
bj-cycle. Since Γ
−l and Γ+l¯ can be represented by chiral bosons, σl, with no screening
charge that take values on a circle of radius 1, their correlation functions are:
<
n∏
i=1
exp(ciσl(zi)) >τ= Z([
n∑
i=1
cizi]−mU(1), τ), (III.31)
where Z is defined in equation (III.18) and m
U(1)
j = [
∑n
i=1 c
h−
i − ∆]j . There is no need
to include other spin structures for the theta-function since, as will be shown in Section
IV.A., all spin structures contribute equally to the total scattering amplitude.
E. Correlation Functions for Ghosts
The correlation functions for the b and c Virasoro ghosts with screening charge q = 3
is:
<
m∏
i=1
b(yi)
n∏
j=1
c(zj) >τ= Z([
m∑
i=1
yi −
n∑
j=1
zj − 3∆], τ). (III.32)
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For the β± and γ± fields, the only difference with the NSR treatment of the bosonized
super-reparameterization ghosts comes from the contribution of the U(1) moduli (note that
in equation 36 of reference 4, a factor of (Z1)
1
2 was mistakenly omitted). Because the zero
mode of ξ+ does not appear in any of the operators, an extra field, ξ+(x0), needs to be
introduced into correlation functions of the β+ and γ− fields. Since the screening charge
of the bosonized field, φ−, is +2, these correlation functions are:4
<
p∏
i=0
ξ+(xi)
q∏
j=1
η−(yj)
r∏
k=1
exp(ckφ
−(zk)) >τ= (III.33)
δ2(g−1),Σckδp,q
∏q
l=1Θ([−yl +
∑p
i=0 xi −
∑q
j=1 yj +
∑r
k=1 ckzk − 2∆] +mU(1), τ)∏p
m=0Θ([−xm +
∑p
i=0 xi −
∑q
j=1 yj +
∑r
k=1 ckzk − 2∆] +mU(1), τ)
(Z1)
1
2
∏
i<i′ E(xi, xi′)
∏
j<j′ E(yj, yj′)∏
i<j E(xi, yj)
∏
k<k′ E(zk, zk′)
ckck′
∏r
k=1 σ(zk)
2ck
.
Note that the correlation functions are independent of x0 since only the zero mode of
ξ+(x0) contributes.
Because the u ghost does not appear in either the vertex operators, the picture-
changing operators, or the instanton-number-changing operator, the correlation functions
for the u and v ghosts must introduce an extra u(x0) field, just as the β
+ and γ− correlation
functions required an extra ξ+(x0) field. Also, since the U(1) beltrami differentials of
equation (III.15) already introduce g v fields, there can be no further contributions of v
fields from the other operators (there must be g − 1 more v fields than u fields to get a
non-zero amplitude, since the screening charge is +1).
The relevant correlation function for the u and v ghosts, using equation (III.17), is
therefore:
< u(x0)
g∏
i=1
∫
ai
dyiv(yi) >τ=
g∏
i=1
∫
ai
dyiZ([
g∑
j=1
yj − x0 −∆], τ) (III.34)
= Z1(τ)
g∏
i=1
∫
ai
dyi det
jk
ωj(yk) = Z1(τ) since
∫
ai
dyiωj(yi) = δij .
The overall measure factor, N(τ), from the h± correlation function of equation (III.29)
can now be fixed by requiring that correlation functions without any h− fields, when
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integrated over the U(1) moduli, are normalized to one. This normalization prescription
will be shown in Section IV.C. to give amplitudes which agree with amplitudes obtained
using the light-cone gauge formalism, and therefore is the correct unitary prescription.
Since the background charge normally requires (g − 1) h− fields, these correlation
functions should be evaluated on surfaces with their instanton number shifted by (g −
1) (recall that this shifts the conformal weight of λ− from 1
2
to 0, and therefore shifts
the screening charge of h2 from 0 to
√
2). On such surfaces, the correlation function of
equation (III.29) in the absence of h− fields is simply N(τ)
∏g
j=1 δ(m
U(1)
j ), where
∑n
i=1 c
h+
i
is assumed to be equal to 2(g − 1). So integration over the global U(1) moduli of this
correlation function, when combined with the gauge-fixing contribution coming from the
U(1) ghosts, u and v, gives Z1(τ)N(τ). Therefore, normalization to one prescribes that
N(τ) = [Z1(τ)]
−1. (III.35)
This normalization prescription is consistent with the vanishing of the conformal anomaly
since after shifting the screening charge of h2, the contribution of the h1 and h2 fields to
the central charge is +2 (the partition fuction of a c = 1 chiral boson is (Z1)
− 1
2 ).
IV. Analysis of the Scattering Ampltudes
A. Equivalence of Different Spin Structures
By expressing the vertex operators and picture-changing operators in terms of the
bosonized free-fields and using the results of Sections III.C.,D., and E. for evaluating their
correlation functions, the scattering amplitude of equation (III.16) can be calculated as
follows:
Ag =<
∣∣∣∣
3g−3∏
i=1
∫
dmTi
g∏
j=1
∫
dm
U(1)
j δ(< M
i
T |b >)
∫
aj
dyjv(yj)
∣∣∣∣
2
(IV.1)
∣∣∣∣ξ+ξ−u
N−1+g∑
n=1−g
In(Z+)2g−2+2N−n(Z−)2g−2+N+n
∣∣∣∣
2 N∏
r=1
∫
dzrdz¯rVˆG,r(zr, z¯r) >τ ,
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where the locations of the I’s, Z±’s, ξ±, and u are arbitrary. Note that for each combination
of h− fields occuring in the scattering amplitude, only one value of mU(1)j contributes.
Because all operators in the correlation function are U(1) singlets,
4∑
l=1
cσli + c
h+
i − ch
−
i + c
φ+
i − cφ
−
i = 0 (IV.2)
for each zi that appears in the scattering amplitude. This property implies the cancellation
of all terms involving E(y, zi) and σ(y) where y is the location of an instanton-number-
changing operator, I(y). Furthermore, all theta-functions in the amplitude are independent
of y since for U(1)-transforming fields, the contribution to the argument of the theta
function from the U(1) moduli is ∓y (see equation (III.28)) while the contribution to the
argument from the fields is ±y. Therefore, the integrand of Ag is completely independent
of the locations of the instanton-number-changing operators (this differs from the picture-
changing operators, since only Ag, and not the integrand of Ag, is independent of the
locations of the Z±’s).
Another consequence of equation (IV.2) is that changing the spin structures of the
U(1)-transforming fields does not affect the integrand of Ag. This fact is not surprising
34
since changing the spin structures from [0] to [α] is equivalent to changing the gauge-fixing
condition on the U(1) gauge field, Az, to
∫
aj
dzAz = 2πiαaj and
∫
bj
dzAz = 2πi(m
U(1)
j +
αbj ), where α ∈ (Z2 )2g. This affects equation (III.28) for the U(1) moduli since the theta-
function for h2 in equation (III.23) now carries spin structure [α]. It is straightforward to
check that the zeroes of this theta-function coincide with the zeroes of the theta-function
for the h1 field if
m
U(1)
j =
n∑
i=1
ch
−
i −∆+ τjkαak + αbj . (IV.3)
Using the relation
Θ([α], z − ταa − αb, τ) = exp(−πiαajτjkαak + 2πiαajzj)Θ(z, τ) (IV.4)
and equation (IV.2), one can show that all phase factors in the total scattering amplitude
cancel out (the τ dependent factor cancels since the σl correlation functions contribute
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exp(−4πiαajτjkαak), the φ+ and φ− correlation functions contribute exp(2πiαajτjkαak),
and the h2 correlation function contributes exp(2πiαajτjkαak)).
Similarly, one can show using equation (IV.2) and the periodicity properties of Θ(z, τ)
that shifting the U(1) moduli, m
U(1)
j → mU(1)j + τjkpk + qj for pj and qj ∈ Z, does not
affect the integrand of Ag, and it is therefore unnecessary to choose a region in the Jacobian
variety, Cg/(Zg + τZg), when defining m
U(1)
j .
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B. Proof of the Non-Renormalization Theorem
The non-renormalization theorem for the superstring states that all loop amplitudes
with three or less massless particles vanish. In the Green-Schwarz light-cone gauge7 and
semi-light-cone gauge9 formalisms, this theorem can only be proven by explicitly assuming
Lorentz covariance for the scattering amplitudes. In the Neveu-Schwarz-Ramond formalism
for the superstring, proof of the non-renormalization theorem is complicated by the possible
contribution of surface-terms from cutoffs in the moduli space (these cutoffs are necessary
since the NSR amplitudes diverge before summing over spin structures, but were ignored
in the proof of reference 35).
Using the expression for Ag in equation (IV.1), it will now be shown that Ag vanishes
for g ≥ 1 when there are three external massless states. Since the spacetime supersymmetry
generators of equation (II.28), S+l, are analytic everywhere on the surface except at the
locations of the vertex operators, zi for i = 1 to 3, the S
+l’s that encircle z3 in VG,3(z3, z¯3)
can be pulled off until they encircle either z1 or z2. This implies that Ag can only contain
terms proportional to (θ−l¯1 − θ−l¯3 ) and (θ−l¯2 − θ−l¯3 ), and by fermion number conservation it
must contain a total odd amount of these factors. Supposing that the components of Ag
that we are examining have an even number of (θ−l¯1 − θ−l¯3 ) factors and an odd number of
(θ−l¯2 − θ−l¯3 ) factors, choose all the picture-changing operators, Z±, and instanton-number-
changing operators, In, to be located at z1.
For these components of Ag, the contributing components of VˆG,2(z2, z¯2) are
Vˆ−l,− = S+lVˆ−,− = p+2 exp(−σl + h+)Vˆ−,− and (IV.5)
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Vˆ+l¯,− = ǫlmnqS
+mS+nS+qV−,− = ǫlmnq(p+2 )
3 exp(−σm − σn − σq + 3h+)Vˆ−,−
+ǫlmnq(p
+
2 )
2 : exp(−σm − σn − σq + 2h+ − h−)Vˆ−,− :, (IV.6)
where the ψ+ term in S+l does not contribute since Vˆ−,− of equation (II.25) is proportional
to ψ+. Note that the last term of equation (IV.6) requires normal-ordering because of
singularities between h− and h+.
For the component Vˆ−l,−, the correlation function of equation (III.31) for the Γ+m¯
and Γ−m fields where m 6= l is proportional to Θ([(g − 1)z1 − ∆], τ) since all of the σm
and h− fields are located at z1. But this is zero by Riemann’s vanishing theorem when
g ≥ 1, since Θ([∑g−1i=1 yi − ∆], τ) = 0 for arbitrary yi. Similarly for the first term in
the component, Vˆ+l¯,−, the correlation function for the Γ
+l¯ and Γ−l fields is proportional
to Θ([(g − 1)z1 − ∆], τ), and is therefore zero. For the second term in the component,
Vˆ+l¯,−, the correlation function for the Γ
+m¯ and Γ−m fields where m 6= l is proportional to
Θ([(g − 1)z1 −∆], τ) = 0, since the argument of the theta-function receives −z2 from the
σm field and +z2 from the h
− field.
To prove the vanishing of Ag for two massless states whose vertex operators are located
at z1 and z2, pull all of the S
+l’s off of z2 and encircle them around z1, and then place all of
the picture-changing and instanton-number-changing operators at z1. Then the correlation
function for the Γ+l¯ and Γ−l fields is proportional to Θ([(g − 1)z1 − ∆], τ) = 0 for all l.
Finally, for one massless state or no states, choose the locations of all of the picture-
changing-operators and instanton-number-changing operators to coincide with the vertex
operator (or at any point, z1, if there are no states). Then once again, the correlation
function for the Γ+l¯ and Γ−l fields is proportional to Θ([(g − 1)z1 −∆], τ) = 0 for all l.
So the superstring amplitudes, Ag, that were calculated using the twistor-string
formalism of the Green-Schwarz superstring, have been proven to satisfy the non-
renormalization theorem.
C. Agreement of Ag with Light-Cone Gauge Amplitudes
The light-cone gauge formalism for calculating Green-Schwarz superstring scattering
amplitudes was first developed by Green, Schwarz,5 and Mandelstam,6 and more recently,
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by Restuccia and Taylor.7 As discussed in reference 17, the Type IIB light-cone gauge
action on a Wick-rotated two-dimensional worldsheet parameterized by ρ and ρ¯ ≡ (ρ)∗ is:
SLC =
∫
dρdρ¯(∂ρx
i∂ρ¯x
i − sα∂ρ¯sα − s¯α∂ρs¯α). (IV.7)
After breaking SO(8) down to SU(4)xU(1) in such a way that the SO(8) vector, xi, splits
into 4¯+ 1
2
and 4− 1
2
representations of SU(4)xU(1) while the SO(8) chiral spinor, sα, splits
into 4+ 1
2
and 4¯− 1
2
representations of SU(4)xU(1), the light-cone gauge interaction term
(ignoring contact terms) is |H−(ρ˜a) +H+(ρ˜a)|2, where
H−(ρ˜a) ≡ lim
ρ→ρ˜a
(ρ− ρ˜a)(∂ρx−ls−l¯) = (∂
2ρ
∂z2
)−1(∂zx−lsˆ−l¯)(z˜a), (IV.8)
H+(ρ˜a) ≡ lim
ρ→ρ˜a
(ρ− ρ˜a)2ǫklmn(∂ρx+k¯s−l¯s−m¯s−n¯) = (∂
2ρ
∂z2
)−2ǫklmn(∂zx+k¯sˆ−l¯sˆ−m¯sˆ−n¯)(z˜a),
(IV.9)
sˆ−l¯(z) ≡ (∂zρ)s−l¯(ρ(z)) and sˆ+l(z) ≡ s+l(ρ(z))
are conformal weight one and zero fields7 as functions of z (this implies that s−l¯(ρ(z)) has
zeroes at the punctures, zr for r = 1 to N , and poles at the interaction points, z˜a for a = 1
to 2g−2+N , whereas s+l(ρ(z)) is regular at these points), ρ˜a ≡ ρ(z˜a) are the (2g−2+N)
interaction points where ∂zρ(z˜a) = 0, and ρ(z) is the unique meromorphic function that
maps the g-loop string diagram onto a genus g surface with N punctures such that Re(ρ)
is single-valued and ∂zρ has poles with residue p
+
r at the points zr for r = 1 to N .
If the contributions from the contact term interactions are ignored, the g-loop light-
cone gauge scattering amplitude for N massless states is:
ALCg =
∫ 2g−2∏
a=1
dρ˜ad ˜¯ρa
g∏
I=1
dαIdφI
∫
Dx+l¯Dx−l|Dsˆ−l¯Dsˆ+l|2 (IV.10)
exp[
∫
dzdz¯(∂zx
+l¯∂z¯x
−l − sˆ+l∂z¯ sˆ−l¯ − ˆ¯s+l∂zˆ¯s−l¯)]
n∏
r=1
V LCG,r (zr)
∣∣∣∣
2g−2+N∑
n=0
∑
a+,a−∈a
n∏
a+=1
H+(ρ˜a+)
2g−2+N−n∏
a−=1
H−(ρ˜a−)
∣∣∣∣
2
,
32
where ρ˜a, ˜¯ρa, αI , and φI are the (6g − 6 + 2N) real light-cone moduli of interaction-point
locations, internal p+’s, and twists,
∑
a+,a−∈a means that the 2g−2+N interaction points,
ρ˜a, should be split up into two subsets, ρ˜a+ and ρ˜a− , in all possible ways, and
V LCG,r (zr) = |(p+r )−1 exp(p+r θ−l¯r sˆ+l(zr))|2 exp(ip−lr x+l¯(zr) + ip+l¯r x−l(zr) + p−r Re[ρ(zr)])
(IV.11)
(the light-cone vertex operator, V LCG , has been normalized such that it agrees with the
matter part of the vertex operator, VG, in the ghost-number zero picture when the non-
light-cone fields, ψ± and h± have been set to zero, and Γ−l has been identified with sˆ+l).
Note that the locations of the ρ˜a’s are determined by the p
+
r ’s and zr’s , but in a very
complicated way. It is this complicated dependence that makes Green-Schwarz light-cone
gauge amplitudes difficult to explicitly evaluate.
The first step in comparing Ag of equation (IV.1) with A
LC
g of equation (IV.10) is to
choose light-cone moduli for Ag (these light-cone moduli depend not only on the surface,
but also on the p+r momenta of the N vertex operators), and to insert (2g − 2 +N) Z+’s
and (2g − 2 +N) Z−’s at the interaction points of the string diagram where ∂zρ = 0.
In order to ensure that there are enough picture-changing operators available to do
this, the picture for the vertex operators should be chosen to have ghost number (−4,−4),
so the vertex operators are:
WG,r(zr, z¯r) = (IV.12)
|(p+r )−3cψ−∂zψ−ψ+∂zψ+ exp(−h+ − 2φ+ − 3φ−) exp(θ−l¯r S+l)|2 exp(ipµrxµ)(zr, z¯r).
It is easy to check that VG,r = |Z+Z−|2WG,r, so the number of available Z+ picture-
changing operators is 2g − 2 + 3N − nI and the number of available Z− picture-changing
operators is 2g − 2 + 2N + nI . Since the instanton number, nI , satisfies nI = 12 (Y −N)
where 0 ≤ Y ≤ 4N , there are enough available picture-changing operators to insert one of
each type at all the interaction points. The extra (2N − nI) Z+’s and (N + nI) Z−’s can
be inserted anywhere on the string diagram.
Since ALCg ignores the contribution of the light-cone contact-term interactions (these
contact-terms are necessary in the light-cone formalism in order to cancel the non-Lorentz-
invariant divergences that occur when two interaction-points approach each other),13,14,7
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one should not expect that ALCg is precisely equal to Ag. However, a simple conjecture
is that the contribution of the light-cone contact-term interactions is equivalent to the
contribution of the fields
eφ
∓
[−w±∂zψ− + (b∓ 1
2
∂zv)γ
± ∓ v∂zγ± + cξ±] (IV.13)
in the picture-changing operators Z± of equation (II.20), plus the contribution from the
moduli dependence of the interaction-point locations (this moduli dependence of the lo-
cations of the picture-changing operators implies that the beltrami differentials for the
teichmuller parameters, M iT , depend on the fermionic moduli, m
±
k )
4. Therefore ignoring
the contact-term interactions in ALCg is conjectured to be equivalent to using the following
truncated form of the picture-changing operators of equation (II.20):
Zˆ+ ≡ eφ− [∂zx−lΓ+l¯ + εˆ−λ+] and Zˆ− ≡ eφ
+
[∂zx
+l¯Γ−l + εˆ+λ−], (IV.14)
and ignoring the dependence of M iT on the fermionic moduli.
It is easily checked that an analogous conjecture for the Neveu-Schwarz-Ramond
string is correct. This conjecture states that ignoring the contribution of the NSR
light-cone contact-term interactions is equivalent to ignoring the dependence of M iT
on the NSR fermionic moduli and using the truncated NSR picture-changing operator,
Zˆ ≡ eφ[∂zxiΓi + ∂zx+Γ−] at the interaction points (i = 1 to 8), rather than the full
BRST-invariant operator, Z = eφ∂zx
µΓµ + e
2φ∂zηb+ ∂z(e
2φηb) + c∂zξ.
This NSR conjecture can be proven by not integrating out the anti-commuting moduli
in the BRST formalism, and comparing the resulting amplitudes with the supersheet for-
malism of the light-cone gauge amplitudes,36 in which the contact-term interactions are au-
tomatically included. Since the BRST amplitudes coincide (without using the conjecture)37
with amplitudes obtained from the light-cone supersheet formalism, and also coincide (us-
ing the conjecture) with amplitudes obtained from the ordinary component form of the
light-cone formalism,38 the NSR conjecture must be valid. If a similar proof could be found
for the Green-Schwarz conjecture, it would prove that the twistor-string amplitudes, Ag,
agree with amplitudes obtained using the Green-Schwarz light-cone formalism, and that
they are therefore unitary.
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With this conjecture, the truncated twistor-string amplitude, Aˆg, is:
Aˆg =<
∫ 2g−2∏
a=1
dρ˜ad ˜¯ρa
g∏
I=1
dαIdφI
∣∣∣∣
g∏
j=1
∫
dm
U(1)
j
3g−3+N∏
i=1
∫
δ(< M iT |b >)
∫
aj
dyjv(yj)
∣∣∣∣
2
(IV.15)∣∣∣∣
2g−2+N∏
a=1
(Zˆ−Zˆ+)(z˜a)ξ+ξ−u
N−1+g∑
nI=1−g
InI (Zˆ+)2N−nI (Zˆ−)N+nI
∣∣∣∣
2 N∏
r=1
WG,r(zr, z¯r) >τ ,
where Zˆ± is defined in equation (IV.14), and WG,r is defined in equation (IV.12).
Since the vertex operators WG,r contribute 2N ψ
+’s and 2N ψ−’s, there must be at
least (2N + g− 1) εˆ−’s and (2N + g− 1) εˆ+’s coming from the truncated picture-changing
operators, Zˆ+ and Zˆ−. This means that the Zˆ+Zˆ−(z˜a) factors at the interaction points
must contribute at least (g−1+nI ) εˆ−’s and (g−1+N −nI ) εˆ+’s. But since x− appears
only at the vertex operators, ∂zx
+ has the same poles and residues as ∂zρ, implying that
∂zx
+(z˜a) = ∂zρ(z˜a) = 0 in correlation functions of the x
− and x+ fields. Therefore, no
factor of Zˆ+Zˆ−(z˜a) at the interaction points can contribute εˆ−εˆ+, since any such term
would be proportional to λ−λ+ (recall that λ−λ+ = ∂zx+ + 12ψ
+∂zψ
− + 12ψ
−∂zψ+, and
if more ψ+ψ− terms are introduced, one needs even more εˆ−εˆ+’s).
So the only way to have enough εˆ±’s is if (g−1+nI) interaction-point factors at z = z˜a+
contribute εˆ−λ+ exp(φ++φ−)∂zx+l¯Γ−l, the other (g−1+N−nI) interaction-point factors
at z = z˜a− contribute εˆ
+λ− exp(φ+ + φ−)∂zx−lΓ+l¯, and the remaining (2N − nI) Zˆ+’s
and (N + nI) Zˆ−’s contribute εˆ−λ+ exp(φ−) and εˆ+λ− exp(φ+).
In order to compare with ALCg , it is convenient to insert one instanton-number-
changing operator, I(z), at each of the (g − 1 + nI) interaction-points, z = z˜a+ (re-
call that none of the correlation functions depend on the locations of the instanton-
number-changing operators, so there is no problem with making the locations of the I(z)’s
change with different choices for the z˜a+ ’s). Since this inserts (g − 1) more instanton-
number-changing operators than is necessary, it shifts the conformal weights of the U(1)-
transforming fields by ±1
2
([Γ−l,Γ+l¯, λ−, λ+, w−, w+, γ−, γ+, β−, β+] now have conformal
weights [0, 1, 0, 1, 0, 1,−1, 0, 1, 2]).
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After making these modifications and using equations (II.22) and (IV.14), Aˆg takes
the form:
Aˆg =<
2g−2∏
a=1
dρ˜ad ˜¯ρa
g∏
I=1
dαIdφI
∣∣∣∣
g∏
j=1
∫
dm
U(1)
j
3g−3+N∏
i=1
δ(< M iT |b >)
∫
aj
dyjv(yj)
∣∣∣∣
2
(IV.16)
∣∣∣∣
2g−2+N∑
nI=0
∑
a+,a−∈a
nI∏
a+=1
[exp(−h+ + 2φ−)εˆ−ǫklmn(∂zx+k¯Γ+l¯Γ+m¯Γ+n¯)](z˜a+)
2g−2+N−nI∏
a−=1
[exp(−h+ + φ+ + φ−)εˆ+∂zx−lΓ+l¯](z˜a−)
ξ+ξ−u(eφ
−
εˆ−λ+)2N+g−1−nI (eφ
+
εˆ+λ−)N+1−g+nI (w)
∣∣∣∣
2 N∏
r=1
WG,r(zr, z¯r) >τ ,
where the location of w is arbitrary.
Since there are no e+h
−
terms and since the screening charge of h− is now zero, none
of the e−h
−
terms can contribute. Also because there are no extra εˆ± fields, no unnecessary
ψ± fields can contribute to the amplitude. The U(1) moduli, mU(1)j , is therefore fixed to
zero, and after performing the correlation functions for the u, v, ξ±, η±, φ±, εˆ±, and ψ±
fields, one obtains
Aˆg =<
∫ 2g−2∏
a=1
dρ˜ad ˜¯ρa
g∏
I=1
dαIdφI
∣∣∣∣
3g−3+N∏
i=1
δ(< M iT |b >)
∣∣∣∣
2
(IV.17)
∣∣∣∣
2g−2+N∑
nI=0
∑
a+,a−∈a
nI∏
a+=1
ǫklmn(∂zx
+k¯Γ+l¯Γ+m¯Γ+n¯)(z˜a+)
2g−2+N−nI∏
a−=1
∂zx
−lΓ+l¯(z˜a−)
d2g−2
n∏
r=1
[p+r ]
5
2
nI∏
a+=1
[
∂2ρ
∂z2
(z˜a+)]
− 3
2
2g−2+N−nI∏
a−=1
[
∂2ρ
∂z2
(z˜a−)]
− 1
2
∣∣∣∣
2
N∏
r=1
∫
dzrdz¯r|(p+r )−3 exp(p+r θ−l¯r Γ−l(zr))|2 exp(ipµrxµ(zr, z¯r) >τ ,
where the equations ∂
2ρ
∂z2
(z˜a) = limz→z˜a(∂zρ)[E(z, z˜a)]
−1 and p+r = limz→zr (∂zρ)E(z, zr)
have been used, and
d ≡ ∂zρ(z)
∏N
r=1 E(z, zr)
(σ(z))2
∏2g−2+N
a=1 E(z, z˜a)
(IV.18)
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is independent of z because it is a single-valued function with no zeroes or poles on the
surface (E(y, z) and σ(z) are defined in equation (III.19)).
The correlation function for the b and c fields is the same calculation as for the bosonic
string, and therefore can be obtained by comparing the known covariant and light-cone
bosonic string amplitudes.39,40 Equivalence of these bosonic amplitudes implies that
< |
3g−3+N∏
i=1
δ(< M iT |b >)
N∏
r=1
c(zr)|2 >τ= det(Im τ)|Z1(τ)d2−2g
n∏
r=1
(p+r )
− 1
2
2g−2+N∏
a=1
(
∂2ρ
∂z2
)−
1
2 |2.
(IV.19)
Note that under rescalings p+r → Cp+r , this correlation function scales like C3−3g−N which
cancels the rescaling of the light-cone moduli.
The correlation function for the x+ and x− in Aˆg simply substitutes Re(ρ) everywhere
for x+ and introduces an extra factor of
det(Im τ)−1|Z1|−2 (IV.20)
from the partition function.
After multiplying together equations (IV.17), (IV.19), and (IV.20), Aˆg takes exactly
the same form as ALCg of equation (IV.10), but with s
+l and s−l¯ replaced by Γ−l and
Γ+l¯. Because these two sets of fields have identical conformal weights, their correlation
functions are equivalent, implying that the truncated twistor-string scattering amplitude,
Aˆg, agrees with the light-cone gauge scattering amplitude, A
LC
g . Note that the conformal
anomaly contribution to the light-cone gauge amplitude is zero since the contribution from
the x−l and ∂zx+l¯ fields cancels the contribution from the s+l and s−l¯ fields.
VI. Concluding Remarks
In this paper, the gauge-fixed N=(2,0) twistor-string action was used to calculate Type
IIB Green-Schwarz superstring amplitudes with an arbitrary number of loops and external
massless states. The manifest spacetime supersymmetry of these amplitudes gives them
advantages over superstring amplitudes calculated using the Neveu-Schwarz-Ramond for-
malism. As was mentioned in the introduction, NSR amplitudes contain divergences before
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summing over spin structures, giving rise to “multiloop ambiguities”4,26 and complicating
the analysis of finiteness.27 Furthermore, the ghost contributions to the fermionic vertex
operator3 and the necessity of performing a GSO projection makes scattering in fermionic
backgrounds difficult to describe in the NSR formulation of the superstring.
Since the Green-Schwarz superstring scattering amplitudes derived in this paper do
not suffer from these problems, they may be useful in providing a better understanding of
the finiteness properties of superstrings, and in allowing superstring scattering amplitudes
to be calculated in fermionic backgrounds. Another possible application of the results
in this paper is to find new relations between theta-functions on higher-genus Riemann
surfaces. By comparing Green-Schwarz multiloop scattering amplitudes with their NSR
counterparts, one might discover generalizations of the well-known Jacobi identity that
relates theta-functions of different spin-structures on the torus.1
An obvious disadvantage of the scattering amplitude calculations in this paper is
that they are manifestly invariant under only an SU(4)xU(1) subgroup of the full SO(9,1)
super-Poincare´ transformations. One possibility for covariantizing the amplitude calcula-
tions is to quantize a recently proposed version of the twistor-string with N=8 worldsheet
supersymmetry.41,42 Since this twistor-string version of the Green-Schwarz superstring
replaces all eight of the Siegel-symmetries with worldsheet super-reparameterizations, it
might be possible to gauge-fix the N=8 twistor-string action without breaking the SO(9,1)
super-Poincare´ invariance. However, at this point, it is not known how to gauge-fix the N=8
action to a free-field action, and even though the N=8 twistor-string has been shown to be
classically equivalent to the ten-dimensional Green-Schwarz superstring, it is unclear if the
equivalence remains after quantization (similar statements can be made about the N=1
and N=4 twistor-string versions of the ten-dimensional Green-Schwarz superstring43,44).
A second possibility for covariantizing the amplitude calculations is to quantize the
Lorentz-covariant version of the N=2 twistor-string action without explicitly breaking the
SO(9,1) super-Poincare´ invariance (at the present time, this possibility exists only for the
N=(2,0) twistor-string version of the heterotic Green-Schwarz superstring, since Lorentz-
covariant twistor-string actions are not yet known for the non-heterotic superstrings). It
is likely that pure spinors (the definition of a pure spinor in ten dimensions is a non-zero
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sixteen-component complex Weyl SO(9,1) spinor, λα, satisfying λαγµαβλ
β for µ=0 to 9,
where λα is defined up to a complex projective transformation) would play a fundamental
role in any covariant quantization of the N=2 twistor-string since breaking SO(9,1) down
to SU(4)xU(1) is equivalent to selecting out a pure spinor (the only non-zero component
of this pure spinor is the 1+1 component of the anti-chiral SO(8) spinor).
It is interesting that pure spinors arise naturally in the covariant N=(2,0) twistor-
string since D±Θαγ
µ
αβD±Θ
β = 0 is implied by D±Xµ = D±Θαγ
µ
αβΘ
β , which is an on-
shell equation of motion for the superfields. Using Howe’s observation that the on-shell
supergravity and super-Yang-Mills classical equations of motion are related to the existence
of pure spinors in loop superspace,45 Tonin was able to show that the classical N=(2,0)
twistor-string action can be consistently coupled (i.e., coupled in a manner that preserves
the local gauge symmetries of the two-dimensional action) to a supergravity and super-
Yang-Mills background if the background fields satisfy their classical equations of motion.19
If covariant quantization of the N=(2,0) twistor-string were possible, one could see how the
classical supergravity and super-Yang-Mills equations of motion are modified by requiring
the full quantum action to be consistently coupled to the background fields.
Appendix: Gauge-Fixing of the N=(2,0) Twistor-String
This appendix will review Section III.C of reference 17, in which the Lorentz-covariant
twistor-string action for the Green-Schwarz heterotic superstring is gauge-fixed to a free-
field action.
A. The Lorentz-Covariant N=(2,0) Twistor-String Action
The Lorentz-covariant action for the N=(2,0) twistor-string defined on an N=(2,0)
super-worldsheet with Minkowski metric is:19,20,43
∫
dzdz¯dκ+dκ−{−i(P+µ Πˆµκ+ − P−µ Πˆµκ−) +
1
2
Φˆ+q¯Φˆ−q (A.1)
−1
2
κ+[∂z¯Xµ(Dˆ+Θ
αγµαβΘ
β)− Dˆ+Xµ(∂z¯ΘαγµαβΘβ)]
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+
1
2
κ−[∂z¯Xµ(Dˆ−Θαγ
µ
αβΘ
β)− Dˆ−Xµ(∂z¯ΘαγµαβΘβ)]}
with the chirality constraints, Dˆ−Φˆ+q¯ = Dˆ+Φˆ−q = 0,
and the covariant derivatives, Dˆ± ≡ ∂κ± + iκ∓[∂z + e(z, z¯)∂z¯ + (∂z¯e(z, z¯))M ],
where [z, κ+, κ−, z¯] are the coordinates for the Minkowski-space worldsheet (note that
κ− = (κ+)∗, but z¯ 6= z∗), e(z, z¯) is a real component field independent of κ± and is the only
remnant of the two-dimensional super-vielbein (∂ˆz ≡ − i2{Dˆ+, Dˆ−}=∂z + e∂z¯ + (∂z¯e)M),
M is the generator of two-dimensional Lorentz rotations that measures the conformal
weight with respect to ∂z¯ (i.e., M commutes with everything except for [M, ∂z¯] = ∂z¯ and
[M, Φˆ] = 1
2
Φˆ), Πˆµ
κ±
≡ Dˆ±Xµ − i(Dˆ±ΘαγµαβΘβ), P±µ are Lagrange multipliers for Πˆµκ± ,
and Xµ, Θα, Φˆ+q¯, Φˆ−q are N=(2,0) superfields whose κ± = 0 components are the usual
superspace variables of the Green-Schwarz heterotic superstring, xµ, θα, φ+q¯, φ−q for q=1
to 16. Note that because the Wess-Zumino term multiplying κ+ (or κ−) is chiral (or anti-
chiral) when Πˆµ
κ±
= 0, the action will be super-reparameterization invariant after shifting
P+µ and P
−
µ appropriately. †
The equations of motion one gets from varying the unconstrained superfields are:
Dˆ+Φˆ
+q¯ = Dˆ−Φˆ−q = Πˆκ± = κ
+κ−(Dˆ+(P+µ Π
µ
z¯ )+Dˆ−(P
−
µ Π
µ
z¯ )−
i
2
(Φˆ+q¯∂z¯Φˆ
−q+Φˆ−q∂z¯Φˆ+q¯))
(A.2)
= Dˆ+P
+µ + iκ+(Dˆ+Θ
αγµαβ∂z¯Θ
β)− Dˆ−P−µ − iκ−(Dˆ−Θαγµαβ∂z¯Θβ)
= (P+µ +
1
2
κ+Πz¯ µ)(γ
µ
αβDˆ+Θ
β)− (P−µ +
1
2
κ−Πz¯ µ)(γ
µ
αβDˆ−Θ
β) = 0.
These equations imply that Dˆ±Θαγ
µ
αβDˆ±Θ
β = 0 (i.e., Dˆ±Θα are “pure spinors”), and
that
Dˆ+P
+µ +
1
2
Πµz¯ + iκ
+(Dˆ+Θ
αγµαβ∂z¯Θ
β) = Dˆ−P−µ +
1
2
Πµz¯ + iκ
−(Dˆ−Θαγ
µ
αβ∂z¯Θ
β)
† It has recently been shown41 that the second and third lines of equation (A.1) can be
written in a manifestly super-reparameterization invariant form by introducing a superfield
E± in the place of the coordinate κ±. Since this superfield can be gauge-fixed on-shell to be
proportional to κ±, these two actions are classically equivalent, where the proportionality
constant is interpreted as the string tension.
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= A(Dˆ+Θ
αγµαβDˆ−Θ
β) (A.3)
for some real N=2 superfield A. Therefore,
Dˆ±(Π
µ
z¯ −AΠˆµz ) = (Πˆµz )2 = κ+κ−[(Πµz¯ −AΠˆµz )2 +
i
2
(Φˆ+q¯∂z¯Φˆ
−q + Φˆ−q∂z¯Φˆ+q¯)] = 0, (A.4)
where Πˆµz ≡ ∂ˆzXµ − i∂ˆzΘαγµαβΘβ= Dˆ+ΘαγµαβDˆ−Θβ . In addition to implying the usual
superstring equations of motion for the component fields, xµ, θα, and φp,
∂−φp = ∂−π
µ
+ = π−µ(γ
µ
αβ∂+θ
β) = (πµ−)
2 = (πµ+)
2 + iφp∂+φ
p = 0, (A.5)
where πµ± ≡ ∂±xµ − i(∂±θαγµαβθβ), ∂− ≡ ∂z + e∂z¯ and ∂+ ≡ (1 − ae)∂z¯ − a∂z, these
superfield equations fix the values of the auxiliary fields in Xµ, Θα, P±µ , Φ
+q¯, and Φ−q.
B. The Gauge-Fixing Procedure
With the appropriate transformations of P±µ , Φˆ
+q¯, and Φˆ−q, the action of equation
(A.1) is invariant under the N=2 super-reparameterizations,
[δz = 2R− κ+Dˆ+R − κ−Dˆ−R, δκ± = −iDˆ∓R, δz¯ = r + eδz] (A.6)
where R(z, κ+, κ−, z¯) is a real N=2 superfield and r(z, z¯) is a real component field
independent of κ± (from this super-reparameterization, δDˆ+ = −i(Dˆ+Dˆ−R)Dˆ+ and
δDˆ− = −i(Dˆ−Dˆ+R)Dˆ− where δe = −∂zr − e∂z¯r + r∂z¯e), under the six independent
Kβ-transformations,
[δΘα = (Dˆ+Θ
γγµγδDˆ−Θ
δ)(γαβµ Kβ)− 2Dˆ+Θα(Dˆ−ΘβKβ)− 2Dˆ−Θα(Dˆ+ΘβKβ),
δXµ = i(δΘαγµαβΘ
β)] (A.7)
(only six are independent since δΘαγµαβDˆ±Θ
β = 0 on-shell), and under the five independent
complex Cα-transformations,
[δΘα = δXµ = 0, δP+µ = Dˆ+C
αγµαβDˆ+Θ
β , δP¯−µ = Dˆ−C¯αγ
µ
αβDˆ−Θ
β ] (A.8)
(only five are independent since δP±µ γ
µ
αβDˆ±Θ
β = Dˆ±δP±µ = 0 on-shell).
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In order to write the action in terms of free fields, it is necessary to use the six
Kβ-transformations to gauge-fix to zero γ
+
a˙βΘ
β for a˙=1 to 6, and to use the five Cα-
transformations to gauge-fix the non-auxiliary components of P±µ . Since none of these
gauge transformations involve derivatives on Kβ or C
α, there are no propagating ghosts
coming from this gauge fixing. Furthermore, the N=(2,0) super-reparameterizations,
r(z, z¯) and R(z, κ±, z¯), should be used to locally gauge-fix e(z, z¯) and A(z, κ±, z¯) to zero,
giving rise to the usual right and left-moving fermionic reparameterization ghosts of con-
formal weight +2, two right-moving bosonic ghosts of conformal weight +32 , and one
right-moving fermionic ghost of conformal weight +1.
Because six components of Θα have been gauge-fixed to zero, only an SU(4)xU(1)
subgroup of the SO(9,1) Lorentz invariance remains manifest in this N=(2,0) superconfor-
mal gauge. Under this SU(4)xU(1) subgroup, the SO(8) anti-chiral spinor, (γ+Θ)a˙, can
be chosen to break up into a (1+1, 60, 1−1) representation, in which case the SO(8) chiral
spinor, (γ−Θ)a, breaks up into a (4+ 1
2
, 4¯− 1
2
) representation, and the SO(9,1) vector, Xµ,
breaks up into a (10, 10, 4− 1
2
, 4¯+ 1
2
) representation.
Since the constraint D+Θ
αγµαβD+Θ
β=0 implies that (γ+D+Θ)
a˙(γ+D+Θ)
a˙ = 0,
it can be assumed that D+[(γ
+Θ)7 − i(γ+Θ)8] = 0 without loss of generality (if
D+[(γ
+Θ)7 + i(γ+Θ)8] = 0, simply exchange κ+ with κ− everywhere). After making
this choice, the constraints Πµ
κ±
=0 can be used to combine the Xµ and Θα real superfields
into the following chiral and anti-chiral complex superfields:
Ψ± ≡ (γ+Θ)7 ± i(γ+Θ)8, S+l ≡ (γ−Θ)l + i(γ−Θ)l+4, S−l¯ ≡ (γ−Θ)l − i(γ−Θ)l+4,
X+l¯ ≡ X l + iX l+4 + iΨ+S−l¯, X−l ≡ X l − iX l+4 + iΨ−S+l, X± ≡ X0 ±X9,
where D−Ψ+ = D−S+l = D−X+l¯ = D+Ψ− = D+S−l¯ = D+X−l = 0, (A.9)
(Ψ+)∗ = Ψ−, (S+l)∗ = S−l¯, (X+l¯)∗ = X−l, (X+)∗ = X+, (X−)∗ = X−,
and (Ψ+,Ψ−, S+l, S−l¯, X+l¯, X−l, X+, X−) transforms like a
(1+1, 1−1, 4+ 1
2
, 4¯− 1
2
, 4¯+ 1
2
, 4− 1
2
, 10, 10) representation of SU(4)xU(1) for l=1 to 4.
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C. The Gauge-Fixed Free-Field N=(2,0) Twistor-String Action
In terms of these complex superfields, the action of equation (A.1) in N=(2,0) super-
conformal gauge takes the following simple form:
S =
∫
dzdz¯dκ+dκ−[
i
4
(X+l¯∂z¯X
−l −X−l∂z¯X+l¯) +W−∂z¯Ψ+ −W+∂z¯Ψ− + 1
2
Φ+q¯Φ−q]
(A.10)
with the constraints:
D−W− −D−Ψ−(X− + iS+lS−l¯) = D+W+ −D+Ψ+(X− − iS+lS−l¯) = (A.11)
κ+κ−[∂z¯X+l¯∂z¯X−l − ∂z¯X−∂z¯X+ + i
2
(Φ+q¯∂z¯Φ
−q +Φ−q∂z¯Φ+q¯)] =
D+X
+ − iΨ−D+Ψ+ = D−X+ − iΨ+D−Ψ− =
D+X
− − iS−l¯D+S+l = D−X− − iS+lD−S−l¯ =
D+X
+l¯ − 2iS−l¯D+Ψ+ = D−X+l¯ = D+X−l = D−X−l − 2iS+lD−Ψ− =
D−Ψ+ = D−S+l = D−Φ+q¯ = D+Ψ− = D+S−l¯ = D+Φ−q = 0.
Note that the action is invariant under W± → W± +D±Λ± and that the constraints on
W± are solved by W± = Ψ±(X− ∓ iS+lS−l¯).
It is easy to check that the only effect of the right-moving constraints on the superfields
in the action is to fix their chiralities through
D−X+l¯ = D+X−l = D−Ψ+ = D+Ψ− = D−Φ+q¯ = D+Φ−q; (A.12)
to relate W+ and W− through the condition
D+W
+D−Ψ− −D−W−D+Ψ+ + i
2
D+X
+l¯D−X−l = 0; (A.13)
and to require that
D+Ψ
+D−Ψ− − iΨ+∂zΨ− − iΨ−∂zΨ+ = ∂zX+ for some real superfield X+. (A.14)
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Furthermore, the κ+ = κ− = 0 component of ∂z¯X+ should equal the ∂z¯x+ com-
ponent field that appears in the left-moving Virasoro constraint (this implies that∫
C
dzdκ+dκ−(Ψ+Ψ−) =
∫
C
dz¯(∂z¯x
+) for any closed curve C).
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